MATH2050B Mathematical Analysis I

Test 1 suggested Solution*

Question 1. (i) Show that if m, n € N such that m < n then m 4+ 1 < n.
(ii) Let A C R be oder-convex :

a; < z<az

=z € A
al,ageA,ZER}

Show that if A is not bounded above and is not bounded below then A = R.

(iii) Let I, := [an, by] C R,Vn € N such that
In_;,_l QIT“ Vn € N.

Using axioms of R show that [
lim(b,, — a,) = 0.

nen In # @. Show further that the intersection is a singleton if

Solution:

(i) Let
N, ={1,2,---m}U{m+ K : K € N},
which is seen to be an inductive subset of N so equals N. Since n is strictly large than m, we have

n € {m+ K : K € N}, which implies that n > m + 1.

(ii) Suppose A is not bounded above and not bounded below. Let « € R. Then z is not a lower
bound of A, so there exists a; € A such that a; < x. Similarly, since x is not an upper bound of A,
there exists as € A such that ay > z. It follows that x € A due to the fact that A is oder-convex.
Thus we have R C A. On the assumption that A C R, we conclude that A = R.

(iii) Since I, 41 C I, for all n € N, we have

N

ap<ax<...<a, <b,

o <by < by

Notice that both {a,} and {b,} are bounded below by a; and above by b;. By completeness axiom
of R, we can define a = sup{a,, } and b = inf{b,, }. It follows that a < b, due to the fact that a,, < b,

for all n € N. We see at once that [a, b] # 0.

*please kindly send an email to cyma@math.cuhk.edu.hk if you have any question.



Next we show that [a,b] =, [an, by]. If € [a, ], then a,, < a < z for all n, since a is an upper

bound of {ay}, and similarly we get x < b, for all n € N. Hence that x € [, [an, by].

Conversely, suppose x € [, [an,b,]. Then we have a,, < x < b, for all n. Thus z is an upper
bound of {a,}, and a < x (as a being the smallest upper bound of {a,}). By a similar argument,

we can see that < b, so x € [a,b]. Therefore we can conclude that [a,b] =, [an, bn].

Suppose additionally that lim(b, —a,) = 0. Then for any € > 0, pick N € N such that by —an < €.

It follows from the preceding paragraph that b — a < by — any < €. Since € is arbitrary, we have
b—a=0,and {a} = {b} =, [an, bn].
Question 2. (Not to use on any theorem (limits)) In the terminology of ¢ — N, show that

(i) If lim,, x,, = 3 and lim,, y,, = —2 then

lim,, (z,y,) = —6 and
z2 +3
Ty — 2

=12.

lim,,
(ii) If lim,, z, = 1 € R and 2, > 0,¥n € N then [ > 0 and lim,, \/z,, = V1.
Solution:
(i) Fix € > 0. Since lim,, z,, = 3, there exists Ni(¢) € N such that for any n > Ni(¢), we have
|z, — 3| < % Similarly, since lim,, y, = —2, there exists Nao(¢) € N such that for any n > Na(e),
€
= (DI<1 and = (-2)] < 5,
which implies that for all n > N(e),

€
|yn| <3 and |yn - (_2)| < 6

Let N(e) = max{Nj(e), Na(e)}, it follows that for any n > N(e),

|ZnYn — (=6)| = |TnYn — 3Yn + 3yn — (—6)]
< ‘xnyn - 3yn| + |3yn - (_6)|

< ‘yn| : "rn - 3| + 3|yn + 2|
€

€
<3.-43.
=T

:67

which yields that lim,, (x,y,) = —6.

Next we show that lim,,



Since lim,, x, = 3, there exists N1 € N such that for any n > Ny,

1 5 7
|xn73\<§ fe. <<y,
which implies that ,, —2 > % and |z,,| < 1.
Fix € > 0. Since lim,, x,, = 3, there exists Na(€¢) € N such that for any n > Na(e),

€

n—3 :

Let N(e) = max{Ny, Na(€)}. Then for any n > N(e),

z2 +3 19| — x2 — 12z, + 27
Ty — 2 o Ty — 2
(n —3)(xn —9)
Ty — 2
< 2|z = 3|(|lzn| +9)
e 25
<o .2
- 25 2
= 67
2
that is, lim,, 2273 19,
Ty — 2
(ii) We first show that ¢ > 0. Suppose on the contrary that ¢ < 0. Since lim,, z, = ¢, there
L 14
exists N € N so that for any n > N, we have |z, — | < %, which yields that z,, < ¢+ % < 0. This

contracts with the assumption.
Next we show that lim,, \/z, = V2.
Case 1:
lzn] < € ie.  |Vzal <€
which yields that lim,, \/z, = 0.

Case 2: lim,, z,, = ¢ > 0. For any € > 0 there exists Nao(¢) € N so that for any n > Ny(e),

30

—£<zn—€<§ and |zn—€\<76,

2

which also implies that |z,| > ﬁ since £ > 0.

Thus for any n > Na(e),

2 3¢
| < ——€=e

|\/a_ 3\/22

Vi = n = <’ Zn — £ ’—2|z —/
Ve +VE| T IVE2+VEl T 3VeT"

Therefore we have lim,, \/z,, = V//.



Question 3. State (without proof) the Bolzano-Weierstrass Theorem and hence show that a

sequence (z,) is convergent if it is Cauchy.
Solution:

Bolzano-Weierstrass Theorem: A bounded sequence of real numbers has a convergent sub-

sequence.

Now we show that if {x,} is a Cauchy sequence, then {x,} is bounded. Since {z,} is Cauchy,
there exists IV € N, such that for any n > N,

|z, —2n| <1,

that is, ey — 1 < z, < ay + 1 for any n > N. Denote a = min{z1,...,2y_1,2n,2x — 1} and
b =max{z1,...,zNy-1,ZN,ZN + 1}, it is clear that {x,} is bounded below by a and bounded above
by b.

It follows from Bolzano-Werierstrass Theorem that there exists a convergent subsequence {x,, }.

Suppose klim Zn, = x. Fix € > 0, there exists k1 € N such that for any k& > k,
—00

On the other hand, since {z,} is Cauchy, there is N1 € N so that for any m,n > Ny,

€
[T — 2n] < 7

Note that {ny}x is an increasing sequence tending to infinity, there exists ko > k1 such that ny > Ny
for all k > kso.

Denote Ny = ny,, then for any m > Na, we have

€ €
|xm—x|<|xm—xnk2|+|xnk2—x|<§—|—§:e.

This shows that lim z,, = x.
n—oo



